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A Modern Look at Conformal Mapping
Including Multiply Connected Regions
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With the advent of large-scale digital computers, numerical solution of the transonic flow equations in two

dimensions has proven feasible. In such calculations it is convenient, and often crucial, to map the region of in-

" terest conformally onto a simple domain so that a simple finite difference system can be employed. This paper

updates a well-known airfoil conformal mapping method (Theodorsen and Garrick) with modern techniques,

greatly enhancing the mapping speed and accuracy while simplifying the analysis. Also, a powerful new class of
conformal transformations is introduced, and applied to a two-element airfoil.

Introduction

N the -calculation of transonic flow over airfoils

it has proven convenient to map the infinite region of the
flow exterior to an airfoil conformally onto a finite region,
such as the interior of a circle, as in Sells, ! Melnik and Ives, 2
Jameson, 3 and Bauer, Garabedian, and Korn. *

Such a mapping places a fine grid in the physical plane
where needed, while retaining a uniform grid in the (con-
formally mapped) computational plane. The gradients of flow
properties in the computational plane are smaller than in the
physical plane, so that finite difference approximations in the
computational plane are more accurate than in the physical
plane. This allows the use of a rather coarse grid. It is easier to
apply boundary conditions in the mapped plane than it is in
the physical plane, as the boundaries are coordinate lines in
the mapped plane. The conformal mapping ensures that the
nonlinear partial differential equations in the computational
plane are only slightly more complicated than those in the
physical plane.!” To take advantage of the above con-
siderations, there is a need for conformal mapping techniques
that are simple and rapid.

This paper presents a conformal mapping technique which
is at least an order of magnitude faster than conventional
mapping techniques. In analogy to the fast Fourier transform
techniques utilized here, the present work can be considered a
“‘fast conformal mapping.”’

This paper also introduces a powerful new class of con-
formal transformations. These new transformations are an
extension of the well-known von Karman-Trefftz trans-
formation to multiply-connected regions, and can be used in
the analysis of flow over multielement airfoils. They have the
property that any number N of airfoil elements are
simultaneously (with one application of the transformation)
mapped to N near circles.

One member of this new class of transformations is used in
mapping the region exterior to a two-element airfoil onto the
region between two concentric circles. By combining the
known solution for incompressible flow between two con-
centric circles® with this two-element mapping, we can very
simply solve for the inviscid incompressible flow over a two-
element airfoil.

Single-Element Airfoil Mapping—A Modern View

We present here a modern look at the mapping of a single-
element airfoil, proceeding along the lines of Theodorsen and
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Garrick.” In some of the figures, a secondary airfoil is carried
through the transformations for later reference in the section
on the two-element airfoil mapping technique.

The problem of conformally mapping, with high accuracy,
a point-by-point representation of an airfoil onto a circle can
be broken down into at least four distinct steps. The first of
these steps is to remove effects of slope discontinuties in the
airfoil contour and expand regions of rapid flow change (such
as the nose region) by analytically mapping the airfoil, point
by point, onto a nearly circular, smooth contour. The second
step is a coordinate system translation to place the centroid of
the near circle on (or near) the origin. The third step is to ob-
tain a continuous representation of the near-circle contour,
and thus of the airfoil, by interpolation. The fourth step is to
map this nearly circular contour onto a circle.

For the first of these steps, we employ a von Karman-
Trefftz transformation, ® which may be written as

Z,-8, ( Z;—Zs—«;-S; )_1_ "

ZZ+S, Z]'—ZS[+K[‘SI Ky
where Z, =airfoil plane complex coordinate; Z, =near-circle
plane complex coordinate; xk, =2 —7,/w; 7, =trailing edge in-
cluded angle; Z; =complex constant; and S; =complex con-
stant.
This transformation is singular at

Z,=Zg+k;-$,=2Z;1
and
Z,=Zg—k;-S;=Zy

The two singular points, Z,, and Z,,, are placed in the Z,
plane at the trailing edge and at a point midway between the
nose of the airfoil and its center of curvature, as illustrated in
Fig. 1. This determines the parameters S; and Zjg; so that the
trailing edge included angle is opened up to 180° and the air-
foil is transformed into a nearly circular contour.

The von Karman-Trefftz transformation contains a frac-
tional power, so care must be exercised in choosing the correct
branch. This is accomplished by ‘‘tracking’’ the trans-
formation from a point where it is known to the point of in-
terest. This involves enforcing the continuity of the argument
of the base in Eq. (1) along a path not crossing the boundary
of the airfoil. This process may be initialized by noting that,
as Z, approaches infinity, the argument of the base ap-
proaches zero. A simple and efficient implementation of
tracking along the airfoil due to Korn is presented in the
program listing of Ref. 9.

The second step shifts and coordinate system origin to the
centroid of the near circle. This shift is accomplished using
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Fig. 1 Airfoil geometry.

an approximate centroid obtained by connecting adjacent
points with straight lines and calculating the centroid of the
resulting figure. This transformation is written as

Z,=2Z,-C, 2

where C, is the centroid location in the Z, plane. This im-
proves the convergence of a series expansion to be used in the
fourth step.

The third step is to obtain a continuous representation of
the airfoil image which has been defined pointwise by the
previous transformations. This is done by adopting a polar
coordinate system as defined in Fig. 2, and fitting In » as a
function of # with a periodic cubic spline. This curve fitting
technique has properties that result in a smooth definition of
the airfoil image with a high interpolation accuracy. The
algorithm used is a direct adaptation of the equations pre-
sented in Ahlberg, Nilson, and Walsh.

The fourth step is the transformation of the near circle to a
circle with the Theodorsen-Garrick transformation. Typical
results are illustrated in Figs. 2 and 3. The approach used here
follows the Theodorsen-Garrick approach,t except that the
Fourier analysis and synthesis required are performed as
described in Cooley, Lewis, and Welch!! utilizing fast Fourier
techniques first introduced by Cooley and Tukey !? in 1965. It
is interesting to note that Eq. (14.9) of Garrick'? could have
directly used fast Fourier techniques, had they been available
in 1949.

The Theodorsen-Garrick transformation may be written,
for N a finite number, as

N

Z§=Zexp[2 (A; +iB;)(Z) ‘f] 3)

J=0
The near circle, represented in polar coordinates, is
Zs=r(6)e? )

The desired image of the airfoil in the circle plane, which we
denote as the Z plane, is the unit circle

Z=e® ©)

By substituting these polar representations into Eq (3),
taking the logarithm of both sides, and separating into real
and imaginary parts, the following equations are obtained:

N
Inr=A,+ ), [4;c0s (j§) +B;sin(ip)] 6)
o

J

TWhile Theodorsen and Garrick found it expedient to work with an
integral equation with a contangent kernel, the approach here is to
work directly with the Fourier series to take advantage of fast Fourier
techniques.

tFor matters of convenience in the next section the present ap-
proach produces a unit circle in the Z plane with the mapping
modulus not unity at infinity, while the Theodorsen-Garrick approach
produces a non-unit circle with the mapping modulus unity at in-
finity. Of course, the two approaches are equivalent, being related by
asimple magnification.
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Fig.2 Main airfoil mapped to a near circle.

N
8=¢+B,+Y, [B;cos(j$) —A;sin (j) ] %)
T=1

On the near circle, In r is known as a function of § from the
periodic cubic spline fit. The problem is to determine the coef-
ficients 4; and B;, which is accomplished using fast Fourier
techniques and an iteration process.

Consider 2N points on the circle in the Z plane starting at
the trailing edge and equally spaced around the circle, so that

oy =2w(k—-1)/2N k=1,...,2N ®)

To place the trailing edge in the Z plane at ¢>’ =0, set
N
By + ), B;=90, ©
j=1

where 0 is the value of 6 at the trailing edge in the Z; plane.
To close the system we are free to set

Byn=0 (10)

Then, 6, is given by

N-—-1 N—-1
B —dr=0,— Y, Bi+ ) [Bjcos(i¢r) —A;sinGidi) 1 (11)
Jj=1 Jj=1

Equation (11) may be evaluated (given A;B;, for
Jj=1,...,N—1) by Fourier techniques as follows:
N=1
yi=146,~ 1 B)) (12a)
=1
Y=Y (B;+iA;) j=1,...N-1 (12b)
Yon—j+1=Y; J=1...,N (12¢)

where the bar‘‘—’’ denotes a complex conjugate. It may be
shown!! that
2N .
—1)(k—1
O — =2, ¥exp [hiﬂ—)—(——)] (12d)
= 2N

Equation (12d) is known as a ‘‘discrete Fourier transform’’ in
the literature.'"'? It may be evaluated using fast Fourier
techniques in 0 (N In,N) operations for k=1,...,N as com-
pared with 0 (N?) operations required for a straightforward
evaluation of Eq. (11).

A similar technique can be applied to Eq. (6) to obtain the
A; and B; corresponding to a trigonometric series fit through
the points (In ), for k=1,...,2N as follows: define

j—I)(k—I)]

y; = _{ iN (In r)kexp[—27ri( (13a)
AN, 2N
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then we have !!
A;=2Re (y;.;) Jj=0,...N (13b)
Bi=—2Im(y,,;) j=1..,N—1I (13c)

where (In r), is the value of In r at the kth point given by Eq.
(8). Equation (13a) is easily evaluated in 0 (N In, N) operations
using fast Fourier techniques.

An iteration then may be summarized as follows: 1) set
A;=B;=0for j=1,...,N—1I; 2) evaluate 6, using Eqs. (12a-
12d) 3) evaluate (ln ry, for k=1,...,.2N using 6, and the
spline fit coefficients; 4) solve for Ao, Ay, and A;, B;
for j=1,...,N—1 using Eqgs. (13a-13c); 5) using the latest
values for the A;, B;, repeat steps 2-4 until convergence is
achieved. The resulting image in the Z plane, along with the
secondary foil, is illustrated in Fig. 3.

It has been shown by Warschawski!# that sufficient con-
ditions for convergence of the above iteration are

("ma.x/rmin)‘/Z —1<e

| (61nr>
—_ <€
06 / max

where €¢=0.2954976. The subscripts refer to maximum and
minimum values on the near circle in the Z; plane.

The overall accuracy of this mapping is limited by the ac-
curacy obtainable in each separate step. The first two steps in-
volve no approximations, and are exact to the accuracy of the
computer. The fourth step is limited in accuracy by the ability
of a trigonometric series with a finite number of terms to
represent a given continuous periodic function. An error
analysis by Abramovici '’ indicates that with about 100 terms,
we should be able to represent In r as a trigonometric series in
# with an accuracy equal to the roundoff error of an IBM 370
in single precision. Because of the shift in the coordinate
system in step 2, the terms in the Theodorsen-Garrick series
decrease very rapidly. With 100 terms, the last few are
typically of the same order as the computer roundoff. Thus,
the fourth step can be carried out with an accuracy essentially
to that of the computer roundoff error.

The third step, where a periodic cubic spline is used to in-
terpolate In r as a function of 6, is thus seen to contribute the
dominant “‘errors,”’ if they may be called errors. These in-
terpolation “‘errors’’ are small, as the interpolation is of high
order and is performed on a slowly varying smooth function.
Actually these “‘errors’’ stem from the airfoil being specified
only at a finite number of points. In any case, the trans-
formations map these given airfoil points onto a circle with an
accuracy limited only by computer roundoff. In summary, the
method presented here is essentially exact, being limited only
by the method in which the airfoil is defined between the
specified coordinates.

An IBM 370/165.computer will typically require 3 sec of
central processor time to map a single element airfoil con-
formally to a circle using 100 terms in the Theodorsen-Garrick
series. With this number of terms, the specified input coor-
dinates are mapped to a circle with 5-digit accuracy.

MAIN AIRFOIL (UNIT CIRCLE)

TRAILING EDGE SECONDARY AIRFOIL

Fig. 3 Main airfoil mapped to a unit circle.
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Two-Element Airfoil Mapping

The basic work on the mapping of two-element airfoils is
that of Garrick.'® The approach followed here retains some
features of his work, while taking a novel approach to the
problem based on a new transformation.

The two-element mapping is initially identical to the single-
element airfoil mapping, except that we ‘‘carry along’’ the
secondary foil through the first four steps (as illustrated in
Figs. 1-3). We then transform the resulting airfoil-like shape
representing the secondary foil to a near circle, while keeping
the image of the main foil a circle, with the new trans-
formation

— — -7 /K
SRR TR
where
Ky=2—7,/7 (152)
Zr=1/Z; (15b)
Zy=1/Z, (15¢c)
Er=R/ir (15d)
Env=R?/{y (15¢)
o 17K
= (B)-[2(2)]

The scalar R is the circle radius in the { plane, 7, is the secon-
dary foil trailing edge included angle, and Z, Z, {y, and
¢r are complex constants. Note that the points Z;, Zy, ¢,
and { are reflections of the points Z,, Z, ¢r, and ¢ with
respect to the circles of radius unity and R as illustrated in
Figs. 3 and 4. In essence, we are using the method of images.

In a manner similar to the single-foil case, the singular
points Z; and Z,, are placed in the Z plane at the trailing edge
and at a point midway between the nose of the secondary air-
foil and its center of curvature, as illustrated in Fig. 3. This
determines Z; and Z, (and thus Z, and Z,) such that the
secondary foil is mapped into a near circle.

A far-field analysis shows that dZ/d{— 1 as {— o only if

{T_§N+§:T_§:N=(1/K2)(ZT_ZN+Z~T_Z~N) (16)

Now consider the two transformations

Z-Z, Z-Zr \!
z:( T.—~> 7
r&=(7=7- 77, (17a)
§=¢r =8
g(5) = S (7o
§—nv %N )
Examination of Eqgs. (17a) and (17b) reveals dZ/df— oo when
! ! + ! ! =0 18
Z-Zy Z-2, Z-Zn Z-Zy (182)
and d{/dg — o when
1 1 1 1
=0 (18b)

—tn -ty —Ev —E&

We denote the roots of Eqs. (18a) and (18b) as the singular
points Z,,, Z,,, {,;, and {;,. A more detailed analysis reveals
that at these singular points the arguments of fand g are iden-
tical but in general the magnitudes of f and g are different.
Thus we must have

I( Zoy~Zy Zy _ZT) 1/%2
Zo—Zy Zy—Zy

Su=8r Su={r
Sor=Sn Sor—En

(19a)
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Soa=8r S —Cr
Coo—tn Sorm §'N

'( Zyp,—Zr Zgy _ZT> 1%z
Zyp~Zn Zp—Zy

(19b)

otherwise dZ/d¢ or its inverse will be singular at these points.

Examination of the previous equations reveals that we have
as unknowns the real variable R and complex variable {,; the
remaining quantities may be obtained from Egs. (15a-15¢)
and (16). There are three real equations [(15f), (19a), and
(19b)] that must be satisfied by the choice of R and ¢,,. This is
easily implemented as a rapidly convergent Newton-Raphson
iteration process.

It can be analytically demonstrated that the mapping as »

specified here transforms the secondary airfoil into a near
circle, and transforms the image of the main airfoil (a unit
circle) into a circle of radius R. This mapping is nonsingular
at all points distinct from ZnZrZn 2 Ens E7s €N, and

$re

The near circle is subsequently mapped to a near circle in-
terior to the unit circle with the bilinear transformation

b
{+c

25 =a (20)

The trailing edge image of the main foil, denoted as {7, will
transform to the point Z; =1 if

{ret+b
a.-—-——

Sre+ce ! @b

The near circle image in the Z5 plane should be centered on
the origin, so that a Fourier series, to be utilized later, will
display rapid convergence. We thus require that ¢, which is
the image in the ¢ plane of the centroid of the near circle in the
Z3 plane, transform into Zs =0, so that

co+b=0 22)

The bilinear transforim will map the circle of radius R centered
on the origin in the { plane into a unit circle centered on the
origin in the Z; plane if

1/¢.+¢=0 23)

The complex constants @, b, and ¢ are then determined as
follows: 1) set {~=centroid of near circle in { plane; 2) solve
Eqgs. (21-23) for a, b, and ¢; 3) using Eq. (20), transform the
near circle from the { plane to the Z; plane; 4) calculate the
approximate centroid of near circle in the Z; plane, denoted
as Z;c, by connecting adjacent points with straight lines and
calculating the centroid of the resulting figure; 5) calculate a
new value for {~ from Eq. (20), using Zs¢, a, b, and ¢; 6)
using the latest value of {. repeat steps 2-5 until convergence
is achieved.

This process converges rapidly to the solution, at which
Zsc is zero. The region exterior to the two airfoils is mapped
onto the region between the near circle and the circle. The
region infinitely far from the airfoils in the { plane is mapped
into the point denoted as “‘infinity”” in Fig. S.

The near circle at this stage is determined only point by
point, so a periodic cubic spline is used to interpolate In r on
the near circle as a function of 6, as in the single-foil case. The
transformation of the near circle to a circle, while keeping the
image of the main foil a unit circle,§ is then accomplished
with the transformation

SUM=Y, [(—Ay+iBy) (R-Zs) + (Ay +iBy) (R/Zs) ]
i=1

(24a)

' §It§asily verified that ““SUM”” is purely imaginagy when Z, = e’

for any real value of 8, thus Eq. (24) transforms a unit circle in the
Z, plane to a unit circle in the Z5 plane.
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MAIN AIRFOIL {CIRCLE}

SECONDARY AIRFOiL

CIRCLE (FOR COMPARISON}

Fig. 4 Main airfoil remains a circle while secondary airfoil is mapped
to near circle.

MAIN AIRFOIL {UNIT CIRCLE)

CIRCLE {FOR COMPAR{SON}

Fig. 5 Main airfoil remains
acircle while near circle is
moved to center.

) TRAILING
b EDGE™

2
TRAILING EDGE ~SECONDARY AIRFOIL

FINFINITY

TRAILNG
EDGE MAIN ARFOIL

(UNIT CIRCLE)
7 PLANE

SECONDARY AIRFOIL
(CIRCLE}

INFINITY

e
TRAILING

EDGE

Fig. 6 Circle remains a
circle while near circle is
mapped to circle.

Zs="Zsexp (iBz, +SUM) (24b)

where R is the radius of the image of the near circle in
the Z; plane. This transformation is a special case of the
Garrick 16 transformation. The grouping of the terms (R- Zs)
and (R/Z6) prevents roundoff error from destroying
numerical significance. A method analogous to that of
Garrick, '® but using fast Fourier techniques as in the earlier
part of this paper, can be employed to solve for the 4, and
B, in Eq. (24a). For convenience, the constant B, in Eq.
(24b) is chosen such that the point labeled *‘infinity’’ in Fig. 5
is mapped into a point on the positive real axis, as illustrated
in Fig. 6. This completes the mapping.

This mapping has been performed on the coordinates given
by Williams, !7 who provided an exact test case for flow over a
two-element airfoil. This exact test case is, in fact, the case
illustrated in this paper.

The Lagally solution® for incompressible flow between two
concentric circles may be used to calculate the incompressible
streamlines in the Z, plane. A plot of some of these
streamlines is given in Fig. 7. By tracing the coordinates of
these streamlines back through the transformations to the Z,
plane, we obtain streamlines of flow over a two-element air-
foil, as illustrated in Fig. 8. The Lagally solution, combined
with the mapping developed here, made possible the rapid and
accurate calculation of incompressible flow over a two-
element airfoil. For the test case of Williams, 6 sec of IBM
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Fig. 7 Incompressible
streamlines in Z; plane.

;

G —

/ I ;

Fig. 8 Incompressible streamlinesin Z; plane.

Fig. 9 Uniform polar coordinate grid in transformed plane
transferred back to airfoil plane.

370/165 computer time were required. The agreement bet-
ween the present calculation and that of Williams is better
than one part in 103 for values of the pressure coefficient, and
better than two parts in 10° for the lift. We note that the
Williams method can only generate test cases, it cannot
analyze the flow over a given two-element airfoil.

One use of conformal mapping is to create an efficient
coordinate system for transonic-flow calculations, as men-
tioned in the beginning of the paper. A polar coordinate
system in the Z, plane of Fig. 7 can be a basis for the
calculation of transonic flow over a two-element airfoil. If we
create a uniform polar grid, and trace its image back through
the transformations to the Z, plane, we obtain the results
presented in Fig. 9. The airfoils are coordinate lines, and the
grid is highly concentrated in the gap between the airfoils. A
finer grid would make apparent the grid concentration near
the nose of the main airfoil and the trailing edge of the secon-
dary airfoil. The seemingly excessive grid concentration in the
gap between the foils can be controlled by the use of a simple
stretched grid in the Z, plane.

Multiple-Element Airfoil Mapping

The simultaneous conformal transformation of N airfoils
in the Z plane into N near circles in the { plane may be written

as ﬁ(ﬂﬂ)zﬁ<ﬂ)u(z<ym 25)

i=1 g"—{Nj j=1 Z—ZNj

AIAA JOURNAL

where 7; =trailing edge included angle of the jth airfoil;
Z,;=trailing edge complex coordinate of the jth airfoil;
Zy; = point midway between nose and center of curvature of
the jth airfoil; and where {; and {,; are appropriately chosen
complex constants.

The far-field requirement that

lim (dZ/d{) =1

{—oo
wili be satisfied only if
N .
)
FE][K’T, SN (Z—Tj/r 0 (26)

The ¢ coordinate system origin can be defined by

St $ng =0 27
Consider the relations
£(2) =ﬁ] ( j—:g—z) e (28a)
and »
e =I1 =y (28b)
2\,

The quantity dZ/df will be become infinite when

L) z=g =)0 o
— = a

and d{/dg will be infinite when

Y (S Y asb)

j=1 ?‘f‘rj B g-_g‘Nj

An analysis shows that in general there are 2N-2 finite roots of
Eq. (29a), all of which are distinct from the Zy; and Zy;s
similarly, there are 2N-2 finite roots of Eq. (29b), all of which
are distinct from the {; and {;. Let these roots be denoted as
Zy and {,; for j=1,...,2N-2. Then, for dZ/d{ and its in-
verse to be finite at all points distinct from the Z,;, Z Nj» ST
and {,;, we must have

fZy)=g(§y) j=1..,2N=2 30)

The 2N complex constants {;; and {; for j=I,..,N
are uniquely determined by the 2N independent complex
constraints given by Eqs. (26-30), and can be calculated using
an N-dimensional complex Newton-Raphson iteration. In
the case when N =1, this reduces to the von Karman-Trefftz
transformation.

Conclusions

A number of new conformal mapping concepts have been
introduced. The first was the use of a periodic cubic spline to
interpolate the airfoil contour in the near-circle plane. The
second is the application of fast Fourier techniques to per-
form rapidly and accurately the Fourier analyses and syn-
theses required by the Theodorsen-Garrick transformation.
The final and perhaps most significant concept is the in-
troduction of a new class of transformations, of which the
von Karman-Trefftz transformation is a special case. These
new transformations can simultaneously transform
multielement airfoils to near circles, or can transform an air-
foil to a near circle while transforming a nearby circle to a
circle.
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Spacecraft charging by magnetospheric plasma is a recently identified space hazard that can virtually destroy a spacecraft in
Earth orbit or a space probe in extra terrestrial flight by leading to sudden high-current electrical discharges during flight.
The most prominent physical consequences of such pulse discharges are electromagnetic induction currents in various on-
board circuit elements and resulting malfunctions of some of them; other consequences include actual material degradation
of components, reducing their effectiveness or making them inoperative.

The problem of eliminating this type of hazard has prompted the development of a specialized field of research into the
possible interactions between a spacecraft and the charged planetary and interplanetary mediums through which its path
takes it. Involved are the physics of the ionized space medium, the processes that lead to potential build-up on the
spacecraft, the various mechanisms of charge leakage that work to reduce the build-up, and some complex electronic
mechanisms in conductors and insulators, and particularly at surfaces exposed to vacuum and to radiation. .

As a result, the research that started several years ago with the immediate engineering goal of eliminating arcing
caused by flight through the charged plasma around Earth has led to a much deeper study of the physics of the planetary
plasma, the nature of electromagnetic interaction, and the electronic processes in currents flowing through various solid
media. The results of this research have a bearing, therefore, on diverse fields of physics and astrophysics, as well as on the
engineering design of spacecraft.
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